We discuss the existence of a non-abelian gauge structure associated with flavor mixing. In the specific case of two flavor mixing of Dirac neutrino fields, we show that this reformulation allows to define flavor neutrino states which preserve the Poincaré structure. Phenomenological consequences of our analysis are explored.
III. FLAVOR MIXING AS A NON-ABELIAN GAUGE THEORY
We now show that the Lagrangian Eq.(1) can be formally written as a non-abelian gauge theory. In the following we shall use the conventions of Ref. [20] .
The starting point is the observation that the mixing interaction can be consistently viewed as the interaction of the flavor neutrino fields with a constant external gauge field. The most direct way of seeing this goes through the Euler-Lagrange equations corresponding to the Lagrangian (1), namely:
i∂ 0 ν e = (−iα · ∇ + βm e )ν e + βm eµ ν µ (12) i∂ 0 ν µ = (−iα · ∇ + βm µ )ν µ + βm eµ ν e ,
where α i , i = 1, 2, 3 and β are the usual Dirac matrices in a given representation. Here we choose the following representation:
where σ i are the Pauli matrices and 1I is the 2 × 2 identity matrix. The Euler-Lagrange equations can be compactly written as follows:
where ν f = (ν e , ν µ ) T is the flavor doublet and M d = diag(m e , m µ ) is a diagonal mass matrix. We have defined the (non-abelian) covariant derivative:
where m eµ = 1 2 tan 2θ δm, and δm := m µ − m e . We thus see that flavor mixing can be seen as an interaction of the flavor fields with an SU (2) constant gauge field having the following structure: 
that is, having only the temporal component in spacetime and only the first component in su(2) space. In terms of this connection, the covariant derivative can be written in the form:
where we have defined g := tan 2θ as the coupling constant for the mixing interaction. Note that in the case of maximal mixing (θ = π/4), the coupling constant grows to infinity while δm goes to zero. We further note that, since the gauge connection is a constant, with just one non-zero component in group space, its field strength vanishes identically:
with a, b, c = 1, 2, 3. The fact that, despite F µν vanishes identically, the gauge field has physical effects, leads to an analogy with the Aharonov-Bohm effect [21] . Finally, the equations of motion for the mixed fields can be cast in a manifestly covariant form:
and the Lagrangian density (1) has the form of the one describing a doublet of Dirac fields in interaction with an external Yang-Mills field:
A. Energy-momentum tensor and 4-momentum operator
In this Section we study the energy momentum tensor associated with the flavor neutrino fields in interaction with the external gauge field. This object can be computed by means of the standard procedure [20] . One finds:
This expression is to be compared with the one of the canonical energy momentum tensor given in Eq.(5) from which we see that the difference between the two is just the presence of the interaction terms in the 00 component, i.e. T 00 − T 00 = m eµ (ν e ν µ +ν µ ν e ), while we have
The tensor T µν is not conserved on-shell. In particular we have:
Note that without the β matrix appearing in the covariant derivative (16) we would have found: ∂ µ T µν = gF µνa j µ a = 0, i.e. the energy-momentum tensor would have been conserved. In the present case [γ µ , D 0 ] = 0, in consequence of the presence of the β matrix in D 0 .
We also note that the matter current j µ a has only one component in group space:
where J ρ f,1 is the Noether current associated to the Lagrangian density (21) under the SU (2) transformation [12] :
Following the usual procedure, we now define a 4-momentum operator P µ by taking the 0i and 00 components of T µν and integrating them over 3−space. We obtain a conserved 3−momentum operator:
and a non conserved Hamiltonian operator:
We see that both the Hamiltonian and the momentum operators split in a natural way in a contribution involving only the electron neutrino field and in another where only the muon neutrino field appears. In such a way, we have a natural definition of a Hamiltonian and momentum operators for each flavor field. We remark that the tilde Hamiltonian is not the generator of time translations. This role competes to the complete Hamiltonian H = d 3 x T 00 , which includes the interaction term.
IV. FLAVOR NEUTRINO STATES AND LORENTZ INVARIANCE
Till now our considerations have been purely classical. Now we want to pass to the quantum theory. Our purpose is to construct flavor neutrino states which are simultaneous eigenstates of the 4−momentum operators above constructed and of the flavor charges. Of course this is a highly nontrivial request. We will see that such states can indeed be constructed, but this involves a nontrivial redefinition of the flavor vacuum which will also erase any reference to the ν 1 and ν 2 fields.
As shown in Appendix A, the flavor neutrino field operators can be expanded in the same basis as the free fields with masses m 1 and m 2 :
where α k,σ and β −k,σ are the flavor ladder operators [4] . In the same Appendix we show that flavor neutrino states, defined as |ν
k,σ |0 e,µ , are eigenstates of the flavor charge operators Q σ , at a given time. They turn out also to be eigenstates of the momentum operators
. However, since the Hamiltonian operator H does not commute with the charges Q σ , the above flavor states do not have definite energies.
We will now show that this problem can be solved by noting that the expansion (28) actually relies on a special choice of the bases of spinors, namely those referring to the free field masses m 1 , m 2 . It is however always possible to perform a Bogoliubov transformation in order to expand the field operators in a different basis of spinors, referring to an arbitrarily chosen couple of mass parameters [5] . Let µ σ , σ = e, µ be such a couple of arbitrary parameters.
The Bogoliubov transformation to be performed is the following:
where the generator is [5] :
and ξ k σ,j = (χ σ − χ j )/2 and χ σ = arctan(µ σ /|k|), χ j = arctan(m j /|k|). The explicit form of the transformation (29) is the following:
where ρ k σ,j = cos ξ k σ,j and λ k σ,j = sin ξ k σ,j . We have thus a whole family of flavor vacua, denoted with a tilde and parameterized by the couples (µ e , µ µ ):
The original flavor vacuum is of course the one associated with the couple (m 1 , m 2 ). Notice that the flavor charges, as well as the exact oscillation formulae are invariant under the above Bogoliubov transformations [22] , i.e. Q σ = Q σ , with:
In the context of the above reformulation of mixing as a gauge theory, it seems natural to expand the flavor fields in the bases corresponding to the couple of masses (m e , m µ ). We will discover that precisely those values are singled out by the requirement that the flavor states be eigenstates of the Hamiltonian operator.
The new spinors are defined as the solutions of the equations:
where ω k,σ = k 2 + m 2 σ . These are the momentum space version of the free Dirac equation with mass m σ . The flavor field operators are then expanded as follows:
Here and in the following the tilde operators are those corresponding to the specific couple (m e , m µ ). With these definitions all the calculations at a fixed instant of time x 0 can be performed in exactly the same way they are done in the free field case. The explicit time dependence of the creation and destruction operators, which is of course due to the interaction with the external field and is not present in the free field case, does not create problems as the states which are acted upon by the operators are evaluated at the same time as the operators themselves and the commutators are all considered at equal times.
In terms of the tilde flavor ladder operators, the Hamiltonian and momentum operators Eqs. (26), (27) read:
The new flavor states are defined by the action of the tilde creation operator on the tilde flavor vacuum:
We easily find the result that these single particle states are eigenstates of both the Hamiltonian and the momentum operator:
making explicit the 4−vector structure. It can be also verified that the flavor charges commute with the tilde Hamiltonian operator:
This is of course a consequence of the fact that the flavor nonconservation is entirely due to the interaction term, which is absent in H. This fact ensures the existence of a common set of eigenstates of these operators. Indeed the flavor states (39) are straightforwardly seen to be also eigenstates of the flavor charges:
thus confirming that these are precisely the states we were looking for.
We would like to conclude this Section by making some observations on the algebra of the generators descending from the energy-momentum tensor (22) . All the generators are defined in the usual way. Besides the translation generators defined by Eqs. (26) and (27), we have the Lorentz generators, defined as:
where
The algebra of (equal-time) commutators of these generators will be just the direct sum of two Poincaré algebras (we omit the specification of the instant of time):
Note that the above construction and the consequent Poincaré invariance, holds at a given time x 0 . Thus, for each different time, we have a different Poincaré structure.
A. Phenomenological consequences
The above analysis leads us to the view that the flavor fields ν e and ν µ should be regarded as fundamental. This fact has some interesting consequences at phenomenological level. Indeed, if we consider a charged current process in which for example an electron neutrino is created, we see that the hypothesis that mixing is due to interaction with an external field, implies that what is created in the vertex is really |ν e , rather than |ν 1 or |ν 2 . As remarked above, such an interpretation is made possible because we can regard, at any given time, flavor fields as on shell fields, associated with masses m e and m µ .
We consider the case of a beta decay process, say for definiteness tritium decay, which allows for a direct investigation of neutrino mass. In the following we compare the various possible outcomes of this experiment predicted by the different theoretical possibilities for the nature of mixed neutrinos. As we shall see, the scenario described above presents significative phenomenological differences with respect to the standard theory.
Let us then consider the decay:
where A and B are two nuclei (e.g. 3 H and 3 He). The electron spectrum is proportional to phase volume factor EpE e p e :
where E = m + K and p = √ E 2 − m 2 are electron's energy and momentum. The endpoint of β decay is the maximal kinetic energy K max the electron can take (constrained by the available energy Q = E A −E B −m ≈ m A −m B −m). In the case of tritium decay, Q = 18.6 KeV. Q is shared between the (unmeasured) neutrino energy and the (measured) electron kinetic energy K.It is clear that if the neutrino were massless, then m ν = 0 and K max = Q. On the other hand, if the neutrino were a mass eigenstate with m ν = m 1 , then K max = Q − m 1 .
We now consider the various possibilities which can arise in the presence of mixing. If, following the common wisdom, neutrinos with masses m 1 and m 2 are considered as fundamental, the β spectrum is:
where E e = Q − K and U ej = (cos θ, sin θ) and Θ(E e − m j ) is the Heaviside step function. The end point is at K = Q − m 1 and the spectrum has an inflexion at
If on the other hand we take flavor neutrinos as fundamental according to the above scheme, we have that m ν = m e and K max = Q − m e and the spectrum is proportional to the phase volume factor EpE e p e :
The above discussed possibilities are plotted in Fig.(1) , together with the spectrum for a massless neutrino, for comparison. We note that the next generation tritium beta decay experiments will allow a sub-eV sensitivity for the electron neutrino mass [23] , thus hopefully allowing to unveil the true nature of mixed neutrinos.
Finally we point out that also in the neutrino detection process, it would be possible to discriminate among the various scenarios above considered. In such a case, our scheme would imply that in each detection vertex, either an electron neutrino or a muon neutrino would take part to the process. Again, this is in contrast with the standard view, which assumes that either ν 1 or ν 2 are entering in the elementary processes.
V. DISCUSSION AND CONCLUSIONS
In this paper we have studied a non-abelian gauge structure associated to flavor mixing. In this framework flavor neutrino fields are taken to be on-shell fields with definite masses m e and m µ , which are different from those of the mass eigenstates of the standard approach, m 1 and m 2 . Flavor oscillations then arise as a consequence of the interaction with the gauge field, which acts as a sort of refractive medium -neutrino aether.
It would be interesting to explore the properties of such a medium and possible optical analogs of this situation. A very interesting example in this respect has been given recently in Ref. [24] . Another interesting analogy can be drawn with recent studies in which, for the case of photons, the vacuum has been thought to act as a refractive medium in consequence of quantum gravity fluctuations [25] .
The gauge structure associated to flavor mixing has the very interesting property of arising across different fermion generations, thus having a different ("horizontal") nature with respect the gauge structure of the Standard Model.
A natural question that comes in concerns the origin of the external gauge field which causes the mixing. This could also have some connection to quantum gravity models that sometimes are invoked to explain the origin of mixing [26] .
Another outcome of our analysis is that we could recover, at least locally in time, a Poincaré structure for the flavor states. This is possible since we could define a Hamiltonian operator that commutes with the flavor charges, thus allowing for simultaneous eigenstates. In this scheme where the fields ν e and ν µ are taken to be fundamental, one avoids any reference to the fields ν 1 and ν 2 . As pointed out, this leads to phenomenological consequences that can be possibly tested in experiments on beta decay.
A final consideration concerns the interpretation of the Hamiltonian operator H which, as already remarked, does not take into account the interaction energy, i.e. the energy associated with mixing. We can thus view H as the sum of the kinetic energies of the flavor neutrinos, or equivalently as the energy which can be extracted from flavored neutrinos by scattering processes, the mixing energy being "frozen" (there's no way to turn off the mixing!). This suggests the interpretation of such a quantity as a "free" energy F ≡ H, so that we can write:
This quantity defines an entropy associated with flavor mixing. It is natural to identify the "temperature" T with the coupling constant g = tan 2θ, thus leading to:
The appearance of an entropy should not be surprising, since each of the two flavor neutrinos can be considered as an open system which presents some kind of (cyclic) dissipation. This situation can be handled by use of well known methods of Thermo Field Dynamics [27] developed for the study of quantum dissipative systems [28] .
The explicit expression for the expectation values of the entropy on the flavor neutrino states is quite complicated, and thus not very illuminating. An attempt at an interpretation of it is given in Appendix B in the much simpler context of Quantum Mechanics. There it is shown that at a given time, the difference of the expectation values of the muon and electron free energies is less than the total initial energy of the flavor neutrino state. The missing part is proportional to the expectation value of the entropy.
The scenario emerged in this work, and in particular the last considerations, is consistent with an interpretation of the gauge field as a reservoir, first put forward in [29] .
Finally, we point out that recent work [30] [31] [32] has shown that a time dependent entanglement entropy is associated with neutrino mixing and oscillations. It is an interesting question the one of the connection of the latter to the above entropy.
The symmetry properties of the Lagrangian (1) have been studied in Ref. [12] : one has a total conserved charge Q associated with the global U (1) symmetry and time-dependent charges associated to the (broken) SU (2) symmetry. Such charges are the relevant physical quantities for the study of flavor oscillations. They are also essential in the definition of physical flavor neutrino states, as the one produced in beta decay, for example.
We obtain for the flavor charges Eq.(9) the expansion [12] :
Flavor neutrino states are defined as eigenstates of the flavor charges: 
with the consequence that they are not conserved by time evolution. This of course gives rise to the oscillation phenomenon. The Hamiltonian and the flavor charges are thus non compatible observables, with the consequence that one cannot measure simultaneously the total energy and the flavor of an oscillating neutrino. The flavor states are however eigenstates of the momentum operator Eq. (7):
